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THE STRUCTURE OF CARTAN SUBGROUPS
IN LIE GROUPS
ARUNAVA MANDAL AND RIDDHI SHAH
Abstract. We study properties and the structure of Cartan sub-
groups in a connected Lie group. We obtain a characterisation
of Cartan subgroups which generalises Wu¨stner’s structure the-
orem for the same. We show that Cartan subgroups are same
as those of the centralizers of maximal compact subgroups of the
radical. Moreover, we describe a recipe for constructing Cartan
subgroups containing certain nilpotent subgroups in a connected
solvable Lie group. We characterise the Cartan subgroups in the
quotient group modulo a closed normal subgroup as the images of
the Cartan subgroups in the ambient group. We also study the
density of the images of power maps on a connected Lie group and
show that the image of any k-th power map has dense image if
its restriction to a closed normal subgroup and the corresponding
map on the quotient group have dense images.
1. Introduction
Let G be a connected Lie group. A Cartan subgroup of G is a
maximal nilpotent subgroup C of G with the property that if L is any
closed normal subgroup of finite index in C, then L has finite index
in its own normalizer in G. This definition was given by Chevalley
in [5]. Cartan subgroups were studied by Chevalley [5, Ch. 6], Borel [2]
and many others in the context of connected algebraic groups, see
Togo [19,20] for connected linear groups and also Goto [8] for connected
subgroups of Cartan subgroups of Lie groups. Later, it was studied by
many in a different context (see [4, 7, 10, 15, 16, 24] and the references
cited therein). Cartan subgroups play an important role in the study
of the structure of Lie groups, the behaviour of power maps and also
in determining whether the exponential map is surjective or has dense
image.
We explore properties and the structure of Cartan subgroups. There
are some known results about their structure; one of them is the so
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called Levi decomposition for Cartan subgroups given by Wu¨stner.
Any connected Lie group has a Levi decomposition G = SR, where S
is a Levi subgroup, a maximal connected semisimple subgroup of G,
and R is the radical, the largest connected solvable normal subgroup of
G. Given a Cartan subgroup C of G, Wu¨stner showed that there exists
a Levi subgroup S of G, such that C = (C ∩ S)(C ∩ R), where C ∩ S
is a Cartan subgroup of S. We also know that C ∩R is connected and
centralizes C∩S (see Theorem 2.1). Here we show that ZR(C∩S), the
centralizer of C∩S in R is a closed connected subgroup (more generally,
see Proposition 3.6), and that C ∩ R is in fact a Cartan subgroup of
ZR(C ∩ S). More generally, we get the following characterisation.
Theorem 1.1. Let G be a connected Lie group and let G = SR be a
Levi decomposition, where S is a Levi subgroup and R is the radical
of G. Let CS be any Cartan subgroup of S. Then ZR(CS), the cen-
tralizer of CS in R is connected and for any Cartan subgroup CZR(CS)
of ZR(CS), C = CSCZR(CS ) is a Cartan subgroup of G. Moreover, ev-
ery Cartan subgroup C of G arises in the above form for some Levi
subgroup S of G.
Theorem 3 (ii) of Goto in [8] shows that any Cartan subgroup C of
a connected Lie group G contains a maximal compact subgroup K of
the radical R. It follows from Wu¨stner’s structure theorem (Theorem
2.1) that K is central in C. In the following theorem, we show that the
centralizer of such K in G is connected and we also show with the help
of Theorem 1.1 that the Cartan subgroups of G are precisely those of
the centralizers in G of the maximal compact subgroups of R.
Theorem 1.2. Let G be a connected Lie group and let R be the radical
of G. For every maximal compact subgroup TR of R, the centralizer
ZG(TR) of TR in G is connected and every Cartan subgroup of ZG(TR)
is a Cartan subgroup of G. Conversely, every Cartan subgroup C of
G is a Cartan subgroup of ZG(K), where K is the maximal compact
subgroup of R contained in C.
Using Theorems 1.1 and 1.2, we get the following corollary which is
a more refined version of Theorem 1.1.
Corollary 1.3. Let G be a connected Lie group and let G = SR be a
Levi decomposition of G, where S is a Levi subgroup and R is the radical
of G. Let CS be a Cartan subgroup of S. Then there exists a maximal
compact subgroup TR of R which centralizes CS and for any such group
TR, ZR(CSTR) is connected and CSCZR(CSTR) is a Cartan subgroup of
G, where CZR(CSTR) is any Cartan subgroup of ZR(CSTR). Conversely,
given a Cartan subgroup C of G, there exist a Levi decomposition G =
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SR and a maximal compact subgroup TR of R contained in C such that
C = CSCZR(CSTR), where CS = C ∩ S is a Cartan subgroup of S and
CZR(CSTR) = C ∩ R is a Cartan subgroup of ZR(CSTR).
We know fromWu¨stner’s structure theorem (see Theorem 2.1 below)
that for a Cartan subgroup C of G, there exists a Levi subgroup S such
that CS = C∩S is a Cartan subgroup of S. The question arises whether
we can relate C∩R to a Cartan subgroup of R. The following corollary
shows that C ∩R is contained in a Cartan subgroup CR of R and that
C ∩R = CR ∩ ZR(CS), where CS is as above.
Corollary 1.4. Let G be a connected Lie group with the radical R and
let G = SR be a Levi decomposition of G for a Levi subgroup S. Then
given a Cartan subgroup CS of S, there exists a Cartan subgroup CR
of the radical R such that C = CS(ZR(CS)∩CR) is a Cartan subgroup
of G. Conversely, given a Cartan subgroup C of G, there exist a Levi
decomposition G = SR and a Cartan subgroup CR of R such that
C ∩ R = C ∩ CR = ZR(CS) ∩ CR and C = CS(ZR(CS) ∩ CR), where
CS = C ∩ S is a Cartan subgroup of S.
Note that Wu¨stner’s structure theorem implies in particular that
if C is a Cartan subgroup of a connected Lie group G, then CR/R is
isomorphic to CSR/R and it is a Cartan subgroup of G/R. Conversely,
Theorem 1.1 implies that any Cartan subgroup of G/R is an image of a
Cartan subgroup of G as G/R is isomorphic to S/(S∩R), where S∩R is
discrete and it is central in S. It is therefore natural to ask the following
question (Q1): Do Cartan subgroups carry over to Cartan subgroups in
the quotient groups modulo closed normal subgroups? More precisely,
if H is a closed normal subgroup of G and C is a Cartan subgroup
of G, is CH/H a Cartan subgroup of G/H? Conversely, one can ask
the following question (Q2): Do all Cartan subgroups of G/H arise
as images of Cartan subgroups of G? The answer was completely or
partially known for a few cases. Recall that the center of the group
G is contained in every Cartan subgroup C. Moreover, C is a Cartan
subgroup of G if and only if C/Z is a Cartan subgroup of G/Z for any
closed central subgroup Z of G. The answer to (Q1) is known when H
is any of the subgroups G1 = [G,G] and Gn+1 = [G,Gn], n ∈ N, n ≥ 2,
i.e. if C is a Cartan subgroup of G, then CH = G, and CH/H = G/H
is a Cartan subgroup of G/H as above [22, Lemma 9].
The following theorem shows that the answer to both (Q1) and (Q2)
is affirmative for all closed normal subgroups H of G
Theorem 1.5. Let G be a connected Lie group and let H be any closed
normal subgroup of G. Then the following hold:
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(a) If C is a Cartan subgroup of G, then CH/H is a Cartan sub-
group of G/H.
(b) If Q is a Cartan subgroup of G/H, then there exists a Cartan
subgroup C of G such that CH/H = Q.
If G is connected Lie group which is solvable or compact, then all
the Cartan subgroups of G are connected and one can deduce Theorem
1.5 in these cases from analogous results about Cartan subalgebras in
a Lie algebra (see Bourbaki [3, Ch. VII, § 2]). However, the theorem
for the general case is not known as Cartan subgroups of a connected
Lie group need not be connected.
To prove Theorems 1.1 and 1.5 and Corollary 1.4, we use Proposition
3.1 in which we describe a recipe for constructing Cartan subgroups
containing those nilpotent groups which complement the nilradical in
a connected solvable Lie group. As a consequence of these results,
we get Corollary 4.1, which shows in particular that given a Cartan
subgroup C of a connected Lie group G and a closed connected normal
subgroup H of G, C ∩H is contained in a Cartan subgroup of H .
We also obtain a result on the behaviour of power maps. For k ∈ N,
let Pk : G → G be defined as Pk(x) = x
k, x ∈ G. Let G denote
the Lie algebra of a connected Lie group G and exp : G → G be the
exponential map. Recall that a connected Lie group G is said to weakly
exponential if exp(G) is dense in G. From [1], it is known that G is
weakly exponential if and only if Pk(G) is dense for all k ∈ N. Here
we explore the conditions under which Pk(G) is dense in G; see [1]
and [13] for some results in this direction for connected Lie groups
and [14] for disconnected real algebraic groups. It is known that Pk(G)
is dense in G if and only if Pk(C) = C for every Cartan subgroup C of
G [1, Theorem 1.1]. Moreover, if R is the radical of G, then Pk(G) is
dense in G if and only if Pk(G/R) is dense in G/R [1, Proposition 3.3].
Hoffman and Mukherjea [10] proved that for any closed normal sub-
group H of G, if both H and G/H are weakly exponential, then G is
weakly exponential. One can ask an analogous question in the context
of the power maps. Using some known results on Cartan subgroups,
we get a more general result in this context as follows.
Theorem 1.6. Let G be a connected Lie group, and let H be any closed
normal subgroup of G. Let k ∈ N be fixed. If the images of both the
maps Pk : H → H and Pk : G/H → G/H are dense in H and G/H
respectively, then Pk(G) is dense in G.
The above theorem extends Corollary 1.3 of [14] where it is proven
for the case when G and H are Zariski connected real algebraic groups.
In particular, the theorem together with [1, Corollary 1.3] together
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imply the result on weak exponentiality of [10] mentioned above (see
Corollary 5.1).
The paper is organised as follows. In § 2, we fix some notations
and prove some necessary results about nilpotent groups. In § 3, we
analyse the structure of Cartan subgroups. We describe a recipe for
constructing Cartan subgroups containing certain nilpotent subgroups
in a connected solvable Lie group (see Proposition 3.1). We also state
and prove some results about the centralizer of Cartan subgroups of a
Levi subgroup in the radical and prove Theorems 1.1 and 1.2 as well as
Corollaries 1.3 and 1.4. In § 4, we prove Theorem 1.5 about the Cartan
subgroups in quotient groups. Theorem 1.6 on dense images of power
maps of a connected Lie group is proved in § 5.
2. Notations and preliminaries
In this section, we fix some notations, which will be used throughout
the paper. We also state and prove some elementary results about
nilpotent groups.
Let G be a locally compact group with the identity e and let H
be a subgroup of G. Let H0 denote the connected component of the
identity e in H , [H,H ] denote the commutator subgroup of H and let
Z(H) denote the center of H . Let NG(H) (resp. ZG(H)) denote the
normalizer (resp. centralizer) of H in G. All these are characteristic
subgroups of G ifH is so. For a subgroup L of G, let NL(H) = NG(H)∩
L, the set of all elements in L which normalize H . Let N0L(H) =
(NL(H))
0. Note that NL(H) and N
0
L(H) are closed in L if H is closed
in G. For a subset B of G, let B denote the closure of B in G. Note
that if B is a group, then B is also a group, and it is connected (resp.
normal) if B is connected (resp. normal). For a subgroup H of G, let
ZH(B) denote the centralizer of the set B in H , which is the same
as ZH(GB), where GB is the group generated by B in G. Note that
ZH(B) = ZH(B), it is a subgroup of H and, it is closed if H is closed.
Let Z0H(B) = (ZH(B))
0. For any x ∈ G, let ZH(x) denote the subgroup
ZH({x}).
For a Lie group G, let G denote the Lie algebra of G and let exp :
G → G denote the exponential map. For a closed subgroup H of G,
let H denote the Lie subalgebra of H in G which is the same as that of
H0 and, let CH denote a Cartan subgroup of H when H is connected.
Throughout, for a connected Lie group G, let R denote the radical
of G and N the nilradical of G. They are characteristic subgroups of
G, [R,R] ⊂ N and G/R is semisimple.
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Now we recall the usual definition of Cartan subgroups and some
well-known facts about their structure.
Let G be a connected Lie group with the Lie algebra G. A Lie
subalgebra C of G is said to be a Cartan subalgebra if it is nilpotent and
the normalizer of C in G is C itself. Let C be a Cartan subalgebra of G,
CC (resp. GC) be the complexification of C (resp. G) and let ∆ be the set
of roots of GC belonging to CC. Then GC = CC+Σα∈∆G
α
C. Recall that the
normalizer NG(C) of C is defined by NG(C) := {g ∈ G | Ad(g)(C) = C}.
Let C(C) := {g ∈ NG(C) | α ◦ Ad(g)|CC = α for all α ∈ ∆}. A closed
subgroup C of a Lie group G is called a Cartan subgroup if its Lie
algebra C is a Cartan subalgebra of G and C(C) = C.
The definition of Cartan subgroups given by Chevalley in [5, IV.5.1]
is as follows: A subgroup C of a groupG is said to be a Cartan subgroup
if the following hold:
(I) C is a maximal nilpotent subgroup of G.
(II) If L is a normal subgroup of finite index in C, then NG(L)/L
is finite.
It has been shown by Neeb (see Appendix in [15]) that the above
definitions are equivalent for any connected Lie group. We now recall
the following theorem of Wu¨stner about Levi decomposition of Cartan
subgroups in a connected Lie group.
Theorem 2.1. [24, Theorems 1.11 and 1.9] Let G be a connected
Lie group and let R be the radical of G. If C is a Cartan subgroup,
then there is a Levi subgroup S in G such that C = CS(C ∩ R) where
CS := C ∩S is a Cartan subgroup of S and, CS and (C ∩R) centralize
each other. Moreover, (C ∩R) is connected.
A connected locally compact nilpotent group M is Lie projective,
and hence it admits a unique maximal compact subgroup, say TM .
Note that TM is connected and central in M and, M/TM is a sim-
ply connected nilpotent Lie group. The following result is known, we
include a proof for the sake of completeness.
Lemma 2.2. The following statements hold:
(i) LetM be an abstract nilpotent group. Suppose that Q is a proper
subgroup of M . Then Q is a proper subgroup of its normalizer
NM(Q).
(ii) Let M be a connected locally compact nilpotent group. Suppose
Q is a proper closed connected subgroup of M . Then NM(Q)/Q
is not finite. Moreover, if the maximal compact (central) sub-
group TM of M is contained in Q, then NM(Q) is connected.
THE STRUCTURE OF CARTAN SUBGROUPS IN LIE GROUPS 7
Proof. (i) : Let M be a nilpotent group and let l(M) denote the length
of the central series of M . Let Q be any proper subgroup of M . We
will prove the first statement by induction on l(M). For l(M) = 1, M
is abelian, and thus we have M = NM(Q). As Q 6= M , the statement
holds for allM with l(M) = 1. For n ∈ N, suppose the statement holds
for allM with l(M) ≤ n. Let M be such that l(M) = n+1. Note that
Q ⊂ QZ(M) ⊂ NM(Q). So, if Z(M) is not contained in Q, then the
statement holds easily. Now suppose Z(M) ⊂ Q. Then Q/Z(M) is a
proper subgroup of the nilpotent groupM/Z(M). Since, l(M/Z(M)) =
n, by using the induction hypothesis, we conclude that Q/Z(M) is a
proper subgroup of its normalizer NM/Z(M)(Q/Z(M)). If pi : M →
M/Z(M) is the natural projection, then pi−1(NM/Z(M)(Q/Z(M))) =
NM(Q). This implies that Q is a proper subgroup of NM(Q).
(ii) : Let M and Q be as in (ii). We already know from (i) that
NM(Q)/Q is nontrivial. Let TM be as in the statement of (ii). If TM 6⊂
Q, then TMQ/Q is connected and infinite. Now suppose TM ⊂ Q. It is
enough to show that NM(Q)/Q is connected. Since M/TM and Q/TM
are simply connected nilpotent Lie groups and hence algebraic, the
normalizer of Q/TM inM/TM is also an algebraic subgroup, and hence
connected. As TM ⊂ Q is connected and NM(Q)/TM is the normalizer
of Q/TM in M/TM , we get that NM(Q) is connected.  
For a Lie group G and α ∈ Aut(G), the group of automorphisms of
G, let Sα denote the stabilizer of α in G, defined as Sα = {x ∈ G |
α(x) = x}. It is a closed subgroup of G. If G is a finite dimensional
real vector space, then Sα is a subspace and it is closed. We now make
a useful observation showing that the same holds for a larger class of
groups.
Lemma 2.3. Let G be a simply connected nilpotent Lie group and let
α ∈ Aut(G). Then Sα, the stabilizer of α is connected. Moreover, for
any A ⊂ Aut(G), the intersection ∩α∈ASα is connected.
This trivially follows from the fact that as G is simply connected
and nilpotent, the exponential map from the Lie algebra G to G is
a homeomorphism. The lemma can also be deduced easily from [17,
Proposition 2.5 and Theorem 2.11].
3. The structure of Cartan subgroups
In this section, we first describe a recipe for constructing Cartan sub-
groups containing certain nilpotent subgroups in a connected solvable
Lie group. Then we prove some useful results for a connected Lie group
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about the centralizer of a Cartan subgroup of a Levi subgroup in the
radical and prove Theorems 1.1 and 1.2 and Corollaries 1.3 and 1.4.
Note that Cartan subgroups of a solvable Lie group are connected [23,
Theorem 1.9 (iii)]. The following proposition will be useful in proving
Theorems 1.1, 1.5 and Corollary 1.4 and it shows that certain nilpotent
subgroups are contained in Cartan subgroups of a connected solvable
Lie group. In particular, it would imply that for any Cartan subgroup
C of a connected Lie group G, C∩R is contained in a Cartan subgroup
of R, where R is the radical of G.
Proposition 3.1. Let G be a connected solvable Lie group, N be the
nilradical of G and let T be the largest compact connected central sub-
group of G. If L is a closed nilpotent subgroup of G such that G = LN ,
then the following hold:
(1) NN (L
0T ) is connected and NG(L
0T ) is connected and nilpotent.
(2) L is contained in a Cartan subgroup C of G such that L ⊂
NG(L
0) ⊂ NG(L
0T ) ⊂ C.
If M is a closed connected subgroup of G such that G =MN , then the
following holds:
(3) Any Cartan subgroup CM of M is contained in a Cartan sub-
group C of G such that CM = C ∩M .
Proof. Let L and T be as above. Recall that NN(L
0T ) = NG(L
0T ) ∩
N , the set of all elements in N which normalize L0T . Since G =
LN and G/N is connected, we get that G = L0N . Since T ⊂ N
and it is contained in every Cartan subgroup of G, to prove (1 − 2)
we may replace L by LT and assume that T ⊂ L0. Let pi : G →
G/T be the natural projection. Then pi−1(NG/T (L
0/T )) = NG(L
0) and
pi−1(NN/T (L
0/T )) = NN (L
0). Therefore, NG(L
0) (resp. NN (L
0)) is
connected if and only if NG/T (L
0/T ) (resp. NN/T (L
0/T )) is connected.
Also, C is a Cartan subgroup of G if and only if C/T is a Cartan
subgroup of G/T . Therefore, to prove (1− 2) we may replace L and G
by L/T and G/T respectively, and assume that N is simply connected.
Step 1: Note that NG(L
0) = L0NN (L
0) and that L ⊂ NG(L
0). As
L0 and NN(L
0) are nilpotent and normalize each other, we get that
NG(L
0) is a closed nilpotent subgroup. Now we show that NG(L
0)
is connected. It is enough to show that NN(L
0) is connected. Here,
L0 ∩ N is normal in NN (L
0). Let x ∈ NN(L
0) and g ∈ L0. Then
x−1gxg−1 ∈ L0 ∩ N . Since L0 is connected, we get that x−1gxg−1 ∈
(L0 ∩N)0. Let L′ = (L0 ∩N)0 = (L∩N)0 and let N ′ = NN(L
′). Then
NN(L
0) ⊂ N ′ and L0 normalizes L′ as well as N ′. Moreover, gxg−1L′ =
xL′ for all x ∈ NN (L
0) and g ∈ L0, i.e. the conjugation action of L0
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on NN(L
0)/L′ is trivial. As N is simply connected and nilpotent and
L′ is connected, By Lemma 2.2 (ii), N ′ is connected. Therefore, N ′/L′
is simply connected and as noted above, the conjugation action of L0
keeps L′ and N ′ invariant. For g ∈ L0, let αg be the automorphism of
N ′/L′ defined as αg(xL
′) = gxg−1L′ for all x ∈ N ′. We get from Lemma
2.3 that ∩g∈L0Sαg is connected. This, together with the fact that L
′ is
connected, imply that B := {x ∈ N ′ | gxg−1 ∈ xL′ for all g ∈ L0} is
connected. From the above discussion, we have that NN (L
0) ⊂ B. As
L′ ⊂ L0, it is easy to see that B ⊂ NN(L
0), and hence NN (L
0) = B is
connected. Therefore, NG(L
0) = L0NN (L
0) is connected and (1) holds.
Step 2: Let L1 = NG(L
0). Then L ⊂ L1, G = L1N and L1 is
a closed connected nilpotent subgroup of G as in (1). As assumed
before Step 1, T is trivial and N is simply connected. In view of (1),
we get a sequence of closed connected nilpotent subgroups Lk, such
that L ⊂ L1 = NG(L
0), Lk+1 = NG(Lk) ⊃ Lk, k ∈ N. Since each
Lk is a closed connected Lie subgroup, there exists n ∈ N such that
Ln = Ln+1 = NG(Ln). We claim that Ln is a Cartan subgroup of
G. Since Ln = NG(Ln), it follows from Lemma 2.2 (i) that Ln is a
maximal nilpotent group. Moreover, NG(Ln)/Ln is trivial, and since
Ln is connected, it follows that Ln is a Cartan subgroup of G. As
L ⊂ L1 = NG(L
0) ⊂ Ln, (2) holds.
Step 3: Now we prove (3). Let M be as (3) such that G = MN
and let CM be a Cartan subgroup of M . By [22, Lemma 9], M =
CM [M,M ]. As [M,M ] ⊂ N , G = MN = CMN . Note that CM is a
closed connected nilpotent group and from (2), there exists a Cartan
subgroup C of G such that CM ⊂ NG(CM) ⊂ C. Note that C ∩M is
nilpotent and CM ⊂ C∩M . Since CM is a maximal nilpotent subgroup
of M , we have that CM = C ∩M .  
Now we deduce the following criterion for Cartan subgroups of a
connected solvable Lie group.
Corollary 3.2. Let G be a connected solvable Lie group. Then a sub-
group C is a Cartan subgroup of G if and only if C is connected and
nilpotent and NG(C) = C.
Proof. If C is a Cartan subgroup of G, then C is closed, connected
and nilpotent, it contains the center of G. Moreover by [22, Lemma
9], G = C[G,G] and, as [G,G] ⊂ N , the nilradical of G, we get that
G = CN . As C is connected and a maximal nilpotent group, it follows
from Proposition 3.1 (1) that NG(C) = C.
Conversely, suppose C is a connected nilpotent subgroup of G such
that NG(C) = C. Suppose there is a nilpotent subgroup C
′ of G such
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that C ⊂ C ′. Then by Lemma 2.2 (i), NC′(C) 6= C. This contradicts
the assumption above. In particular, C is a maximal nilpotent group.
Since C is connected, it does not admit a proper (closed normal) sub-
group of finite index. Now by Chevalley’s criterion, C is a Cartan
subgroup of G.  
Remark 3.3. We can now assert that C is a Cartan subgroup of a
connected solvable Lie group G if and only if C is nilpotent, G = CN
and NG(C) = C. For if C is a Cartan subgroup, then C is nilpotent
and G = CN and by Corollary 3.2, NG(C) = C. Conversely, if C is
nilpotent and G = CN . Then by Proposition 3.1 (2), C ⊂ C ′ for some
Cartan subgroup C ′ of G. Since C ′ is nilpotent and NG(C) = C, by
Lemma 2.2 (i), C = C ′.
For a Levi subgroup S of G and a Cartan subgroup CS of S, we
now study the topological properties of centralizers of CS in closed
connected subgroups, in particular, in the radical and the nilradical of
G. We also study some structural aspects of these groups. We first
prove a proposition in this direction. For closed subgroups H and L
of G such that H ⊂ L and H is normal in L, and a set A ⊂ G whose
elements normalize both H and L, let ZL/H(A) := {xH ∈ L/H |
axa−1H = xH for all a ∈ A} and ZL/H(a) := ZL/H({a}), if a ∈ G
normalizes both H and L. Here ZL/H(A) is the closed subgroup of
L/H consisting of elements fixed by the conjugation action of A on
L/H . Let Z0L/H(A) (resp. Z
0
L/H(a)) be the connected component of the
identity in ZL/H(A) (resp. ZL/H(a)). We will use certain well-known
properties of Cartan subgroups of a connected semisimple Lie group;
we refer the reader to [21, § 1.4].
Proposition 3.4. Let G be a connected Lie group. Let S be a Levi
subgroup and let CS be a Cartan subgroup of S. Let H and L be closed
connected subgroups of G such that H ⊂ L, H is normal in L, and CS
normalizes both H and L. Let pi : L→ L/H be the natural projection.
Then [pi−1(ZL/H(CS))]
0 = pi−1(Z0L/H(CS)) = Z
0
L(CS)H.
Proof. The first two groups in the assertion are obviously equal since
H is connected. Let c ∈ CS and let Mc = pi
−1(Z0L/H(c)). Then Mc is a
closed connected subgroup of L. Let H, L andMc be the Lie algebras
of H , L and Mc respectively. Then H ⊂Mc ⊂ L and they are Ad(c)-
invariant. Since Ad(c) is semisimple, we get thatMc = Wc⊕H for some
Ad(c)-invariant vector subspace Wc ⊂Mc. As Mc/H is a Lie algebra
of Mc/H = Z
0
L/H(c), we get that Ad(c) acts trivially on Mc/H. Since
Wc is Ad(c)-invariant andMc = Wc⊕H, we get that Ad(c)|Wc = Id, i.e.
Ad(c)(w) = w for all w ∈ Wc. Therefore, Mc = ZL(Ad(c))H. As H is
THE STRUCTURE OF CARTAN SUBGROUPS IN LIE GROUPS 11
connected and normal, we get that Z0L(c)H is an open subgroup of Mc
and asMc is connected, Z
0
L(c)H =Mc. For c ∈ CS, let Zc = ZL(Ad(c)).
As Ad(CS) is abelian, we get that Ad(c
′) keeps Zc invariant for all
c, c′ ∈ CS.
Let M = pi−1(Z0L/H(CS)). Then M is a closed connected subgroup,
H ⊂ M ⊂ L and M is normalized by CS. Let M be the Lie algebra
of M . As H ⊂ M ⊂ Mc, we get that M = Z
0
M(c)H , for every c ∈
CS. Also, since Z
0
L(CS) ⊂ M , we have that Z
0
L(CS) = Z
0
M(CS) and
ZL(Ad(CS)) = ZM(Ad(CS)). Let Z
′
c = ZM(Ad(c)) = Zc ∩M, c ∈ CS.
Then M = Z ′cH = ZM(Ad(c))H for all c ∈ CS.
We show by induction the following statement: For any n ∈ N,
given any n elements c1, . . . , cn ∈ CS, M = (∩
n
i=1Z
′
ci
)H. As shown
above, it holds for n = 1. Now suppose it holds for any subset of CS
consisting of n− 1 elements, where n ≥ 2. Let c1, . . . , cn ∈ CS and let
Z ′ = ∩n−1i=1 Z
′
ci
. By the induction hypothesis, M = Z ′H. As Ad(cn)
commutes with Ad(c) for every c ∈ CS, Ad(cn) keeps Z
′ invariant.
As Ad(cn) is semisimple and keeps Z
′ and Z ′ ∩ H invariant, we get
a vector space W ⊂ Z ′ such that Z ′ = W ⊕ (Z ′ ∩ H), where W is
Ad(cn)-invariant. Therefore, M = WH, where W ⊂ Z
′. Since Ad(cn)
acts trivially onM/H and keeps W invariant, we get that Ad(cn) acts
trivially on W . Therefore, M = (Z ′ ∩ Z ′cn)H = (∩
n
i=1Z
′
ci
)H.
Now considering the dimension of ZM(Ad(CS)), we get that there ex-
ist c1, . . . , cn such that ZL(Ad(CS)) = ZM(Ad(CS)) = ∩
n
i=1ZM(Ad(ci)).
Therefore, M = ZL(Ad(CS))H. As H is connected and normal in L
and as M is connected, we get that M = Z0L(CS)H .  
Remark 3.5. Proposition 3.4 only uses the fact that Ad(CS) is abelian
and consists of semisimple elements. Hence Proposition 3.4 holds for
any subset B ⊂ G instead of CS, such that all the elements of B nor-
malize both L and H, and Ad(B) consists of semisimple elements which
commute with each other. In particular it holds for C0S instead of CS.
The following proposition will be useful in proving Theorem 1.1.
Proposition 3.6. Let G be a connected Lie group. Let S be a Levi
subgroup, R be the radical of G and let N be the nilradical of G. Let
CS be a Cartan subgroup of S. Then the following hold:
(1) ZN(CS) and ZN(C
0
S) are connected.
(2) ZR(CS) is connected and R = ZR(CS)N = Z
0
R(CS)N .
(3) Let CZR(CS ) be a Cartan subgroup of ZR(CS). Then R = CZR(CS)N ,
ZR(CS) = CZR(CS)ZN(CS) and CZR(CS) ∩N is connected.
Proof. (1) : Let T be the (unique) maximal compact subgroup of the
nilradical N . Then T is connected and central in N , and it is also the
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largest compact connected central subgroup of G. Note that N/T is a
simply connected nilpotent group. Since N/T is simply connected and
nilpotent, it follows from Lemma 2.3 that ZN/T (CS) = ∩c∈CSZN/T (c) is
connected. Since T is connected and central, by Proposition 3.4 we get
that Z0N(CS)/T = ZN/T (CS). Therefore, ZN(CS)/T = ZN/T (CS) and
ZN(CS) is connected. Similarly, we can prove using Remark 3.5 that
ZN(C
0
S) is connected.
(2) : Note that [S,R], the closed subgroup generated by {srs−1r−1 |
s ∈ S, r ∈ R} is contained in N . In particular, ZR/N (CS) = R/N =
Z0R/N (CS). By Proposition 3.4, R = Z
0
R(CS)N = ZR(CS)N . Now
ZR(CS) = Z
0
R(CS)(ZR(CS) ∩N) = Z
0
R(CS)ZN(CS) and it follows from
(1) that ZR(CS) is connected.
(3) : Let Z := ZR(CS). Since any Cartan subgroup of a connected
solvable Lie group is connected [23], we have that CZR(CS ) = CZ is a
connected nilpotent subgroup of Z. Also, [Z,Z] ⊂ [R,R] ⊂ N . Thus
we get that Z = CZ [Z,Z] ⊂ CZN [22, Lemma 9], and hence that
R = ZN = CZN . This implies that ZR(CS) = CZZN(CS). Note
that by (1), Z ∩N = ZN (CS) is connected. Moreover Z ∩N is a closed
connected nilpotent normal subgroup of Z. As CZ∩N = CZ∩(Z∩N),
using [24, Theorem 1.9 (i)] for the group Z, we get that CZ ∩ N is
connected.  
We now prove some lemmas to use later. Recall that a Cartan sub-
group of a connected semisimple Lie group may not be connected or
abelian but its connected component of the identity is abelian. The
next lemma should be known and it follows from [24, Theorem 1.4 (iii)]
easily. It is stronger than [1, Lemma 3.5]. We give a short proof for
the sake of completeness.
Lemma 3.7. Let G be a connected semisimple Lie group and let C be
a Cartan subgroup of G. Then ZG(C
0) = C.
Proof. Let G be a Cartan subalgebra of G and let C be a Lie subalgebra
of G which is the Lie algebra of C0. Since G is semisimple, C is abelian
[12, Proposition 6.47], and by [24, Theorem 1.4 (iii)] we get that C =
{g ∈ G | Ad(g)(X) = X for all X ∈ C}. This implies that C =
ZG(C
0).  
The following is known for connected semisimple Lie groups [21,
Theorem 1.4.1.5]. We extend the result to all connected Lie groups.
Lemma 3.8. Let G be a connected Lie group, and let C be a Cartan
subgroup of G. Then C/C0Z(G) is finite.
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Proof. Let S be a Levi subgroup such that C = (C ∩ S)(C ∩ R),
where CS = C ∩ S is a Cartan subgroup of S and R is the radical
of G. Then it is well-known and easy to see that Ad(CS) is a Cartan
subgroup of Ad(S). Since Ad(S) is semisimple and linear and has finite
center, by [21, Theorem 1.4.1.5], Ad(CS) is abelian and has finitely
many connected components. Therefore, C0SZ(G) has finite index in
CSZ(G). Note that Z(G) ⊂ C = CS(C ∩ R) and C ∩ R is connected,
and hence Z(G)C0 = Z(G)C0S(C ∩R) has finite index in C.  
The following lemma will be useful in the proof of Theorem 1.1. Note
that once Theorem 1.1 is proved, Lemma 3.9 will be valid for all Cartan
subgroups C as it would have the decomposition as described below.
Lemma 3.9. Let G be a connected Lie group. Let S be a Levi subgroup
and G = SR be a Levi decomposition, where R is the radical of G. Let
CS be a Cartan subgroup of S, let CZR(CS) be a Cartan subgroup of
ZR(CS) and let C := CSCZR(CS). Let N be the nilradical of G. Then
the following equalities hold:
(1) (a) ZN(C
0
S) = ZN(CS) and ZR(C
0
S) = ZR(CS)
(b) ZS(C
0) = CS.
(c) ZG(C
0
S) = ZS(C
0
S)ZR(C
0
S) = CSZR(CS) = CSCZR(CS)ZN(CS).
(2) ZG(C
0) = ZS(C
0)ZR(C
0) = CSZR(C
0)
= CSZR(C) = CSZ(C∩R) = CSZ(C).
Proof. (1a) : By Proposition 3.6 (3), R = CZR(CS)N , and ZR(CS) ⊂
ZR(C
0
S), and we get that ZR(C
0
S) = CZR(CS)ZN(CS
0). Therefore, it
is enough to prove that ZN(C
0
S) = ZN(CS). Note that Ad(S) is an
almost algebraic subgroup of GL(G), i.e. a subgroup of finite index in
an algebraic subgroup of GL(G). Since Ad(N) consists of unipotent
elements, it is algebraic, and hence Ad(SN) = Ad(S)Ad(N) is an
almost algebraic subgroup of GL(G) (see [6]). By [21, Theorem 1.4.1.5],
Ad(CS) is abelian and Ad(C
0
S) is a subgroup of finite index in Ad(CS).
Since Ad(S) is almost algebraic, it is well-known that Ad(CS) = A ∩
Ad(S), where A is a Zariski connected abelian algebraic group (see for
instance [4]). Therefore, Ad(C0S) and Ad(CS) are both almost algebraic
and Zariski dense in A.
We first show that ZAd(N)(Ad(C
0
S)) = ZAd(N)(Ad(CS)). One way
inclusion is obvious. Let x ∈ ZAd(N)(Ad(C
0
S)). Then Ad(C
0
S) ⊂
ZAd(S)(x), the latter group is almost algebraic and it is an intersection
of some algebraic group and Ad(S). Since Ad(C0S) and Ad(CS) both
have the same Zariski closure A, it follows that Ad(CS) ⊂ ZAd(S)(x).
Since this holds for all such x as above, we have that ZAd(N)(Ad(C
0
S)) =
ZAd(N)(Ad(CS)).
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We know that N ∩Z(G) = Z0(G); (see [23, Theorem 2.3], where the
group N is supposed to be connected). Therefore, Ad(N) is isomorphic
to N/Z0(G), and we get from the above discussion that ZN/Z0(G)(C
0
S) =
ZN/Z0(G)(CS). As Z
0(G) is connected and central, it follows from
Proposition 3.4 and Remark 3.5 that ZN(C
0
S) = ZN(CS).
(1b) : Let Z := ZR(CS). Then CS ⊂ ZS(CZ). Now we have that
ZS(C
0) = ZS(C
0
SCZ) = ZS(C
0
S) ∩ ZS(CZ) = CS ∩ ZS(CZ) = CS, by
Lemma 3.7.
(1c) : Let y ∈ ZG(C
0
S). As G = SR, y = sr for some s ∈ S and r ∈ R.
Then for any x ∈ C0S, x
−1srxr−1s−1 = (x−1sxs−1)(sx−1rxr−1s−1) = e.
We get that x−1sxs−1 = (sx−1rxr−1s−1)−1 ∈ S ∩ R. Note that S ∩ R
is discrete and it is a central subgroup of S. As C0S is connected,
Ax = {x
−1sxs−1 | x ∈ C0S} is a connected subset of S ∩ R and it
contains the identity e. As S ∩ R is discrete, the preceding assertion
implies that Ax = {e}. Therefore, s ∈ ZS(C
0
S), and hence r ∈ ZR(C
0
S).
That is, ZG(C
0
S) = ZS(C
0
S)ZR(C
0
S). As S is semsimple, by Lemma 3.7,
we get that ZS(C
0
S) = CS. Now the last two equalities in (1c) follows
from (1a) and Proposition 3.6 (3).
(2) : Let Z = ZR(CS) as in (1b). Then CZ is connected, and C = CSCZ .
Using (1c), we get that
ZG(C
0) = ZG(C
0
S) ∩ ZG(CZ) = CS(ZR(CS) ∩ ZG(CZ)) = CSZZ(CZ).
Also, ZR(C) = ZR(CS) ∩ ZR(CZ) = Z ∩ ZR(CZ) = ZZ(CZ). By
Corollary 3.2, we have that ZZ(CZ) ⊂ CZ , and hence we get that
ZR(C) = Z(CZ) = Z(C ∩ R) ⊂ Z(C), where Z(C ∩ R) (resp. Z(C))
is the center of C ∩ R (resp. C). Now from above, we have that
ZG(C
0) = CSZ(C ∩ R). Also, CSZR(C) ⊂ CSZ(C) and conversely,
CSZ(C) ⊂ C ⊂ CSZR(C). Hence CSZR(C) = CSZ(C) = ZG(C
0).
Now the other equalities in (2) follow since we get using (1a-1b) that
CSZR(C) ⊂ CSZR(C
0) = ZS(C
0)ZR(C
0) ⊂ ZG(C
0) = CSZR(C). 

Proof of Theorem 1.1. Recall that G = SR is a Levi decomposition
with S as a Levi subgroup and CS is a Cartan subgroup of S. By
Proposition 3.6 (2), we have that ZR(CS), the centralizer of CS in the
radical R is connected. Let CZR(CS) be any Cartan subgroup of ZR(CS).
Let Z := ZR(CS). We want to prove that C = CSCZ is a Cartan
subgroup of G. Note that C = CSCZ is nilpotent. Note also that
S ∩ R is discrete and it is central in S, and hence it is contained in
CS. Also, CS ∩R = S ∩R ⊂ ZR(CS)∩CS. Therefore, S ∩R is central
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in Z = ZR(CS), and hence it is contained in CZ . This implies that
C ∩R = (S ∩ R)CZ = CZ .
Now we show that C is a maximal nilpotent subgroup of G. Suppose
that M is a nilpotent subgroup of G containing C. We want to show
that M = C. As G/R is isomorphic to S/(S ∩ R), and the latter has
CS/(S ∩ R) as a Cartan subgroup, CSR/R is a Cartan subgroup of
G/R. Then CSR/R = CR/R ⊂ MR/R. Therefore, MR = CSR, and
hence MR is closed and M = CS(M ∩ R). Also, from Proposition
3.6 (3), we have that R = CZN . Therefore, M ∩R = CZ(M ∩N) and
M = CSCZ(M ∩N) = C(M ∩N).
Let N ′ = NM(C), the normalizer of C = CSCZ in M . Then N
′ =
CSCZ(N
′ ∩ N) ⊂ CNN(C). It is enough to show that N
′ = C, or
more generally, that NN(C) = CZ ∩ N . Then it would follow from
Lemma 2.2 (1) that M = C. As CZ = C ∩ R, it is normal in N
′.
We know from Proposition 3.6 (3) that CZ ∩ N is connected. It is
also a closed normal subgroup of NN (C). Let H = CZ ∩ N and let
L = NN(CZ). Then H is a closed connected normal subgroup of L,
H = C ∩ N and H ⊂ NN (C) ⊂ L. Let T be the maximal compact
connected central subgroup of G. Then T ⊂ Z ∩ N , and hence T ⊂
CZ ∩ N = H . As CZ contains T and R = CZN , by Proposition
3.1 (1) L is connected, and hence L/H is connected. As N/T is simply
connected and nilpotent, so is L/H . Let x ∈ NN (C) and c ∈ CS. As
x−1cxc−1 ∈ C ∩ N = CZ ∩ N , cxc
−1 = xr for some r ∈ CZ ∩ N = H ,
and hence NN(C)/H ⊂ ZL/H(CS). Since L/H is simply connected and
nilpotent, we get by Lemma 2.3 that ZL/H(CS) is connected. Moreover,
we get by Proposition 3.4 that ZL/H(CS) = Z
0
L(CS)/H , and hence
ZL(CS) = Z
0
L(CS)(CZ ∩ N) = Z
0
L(CS) is connected and NN(C) ⊂
Z0L(CS) ⊂ ZN(CS). By Corollary 3.2, we get that NZ(CZ) = CZ . As
elements of NN(C) normalize CZ = C ∩ R and NN(C) is contained in
Z = ZR(CS), we get that NN(C) = CZ ∩N . This implies that M = C
as noted above, and hence we get that C is a maximal nilpotent group.
Now we show that NG(C)/C is finite. As G = SR, CSR/R is a
Cartan subgroup of G/R and, in particular, it is closed in G/R. As
NG(C)R/R ⊂ NG/R(CSR/R), we get that CSR/R has finite index in
NG(C)R/R. In particular, NG(C)R/R is closed in G/R and hence
NG(C)R is closed in G. Moreover, NG(C)/(NG(C) ∩ CSR), being iso-
morphic to NG(C)R/CSR, is finite. As NG(C) ∩ R = NR(C), we get
that NG(C)/(CSNR(C)) is finite. As R = CZN and NN(C) = CZ ∩N ,
we have that NR(C) = CZNN (C) = CZ , and hence we have that
NG(C)/C = NG(C)/CSCZ is finite.
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Let L be a subgroup of finite index in C. Then C0 = L0 andNG(L) ⊂
NG(C
0). We first show that NG(C) = NG(C
0). One way inclusion is
obvious. We know that ZG(C
0) is normal inNG(C
0) and CZ = C
0∩R is
normal in NG(C
0). By Lemma 3.9 (2), ZG(C
0)CZ = CSZ(C ∩R)CZ =
C, and hence C is normal in NG(C
0). Therefore, NG(C
0) = NG(C).
Now from above, NG(C
0)/C is finite. As C/L is finite and NG(L) ⊂
NG(C
0), we get that NG(C
0)/L is finite, and hence NG(L)/L is finite.
This shows that C is a Cartan subgroup of G.
Conversely, let C be a Cartan subgroup of G. By Theorem 2.1,
there exists a Levi subgroup S of G such that G = SR and C =
(C ∩ S)(C ∩ R), where CS = C ∩ S is a Cartan subgroup of S and
(C∩R) ⊂ ZR(CS). By Proposition 3.6 (2), ZR(CS) is a closed connected
solvable Lie group.
We show that C ∩R is a Cartan subgroup of ZR(CS). Suppose that
C ′ is a nilpotent subgroup of ZR(CS) such that C ∩ R ( C
′. Then
CSC
′ is a nilpotent subgroup of G and C ( CSC
′; this contradicts the
fact that C is a maximal nilpotent group (as a Cartan subgroup in G).
This proves that C ∩ R is a maximal nilpotent subgroup of ZR(CS).
We know from Theorem 2.1 that C ∩ R is connected. Let N ′′ be
the normalizer of C ∩ R in ZR(CS). Then CSN
′′ = CN ′′ normalizes
C. As C is a Cartan subgroup of G, CN ′′/C is finite. Since the latter
group is isomorphic to N ′′/(N ′′ ∩C) and N ′′ ∩C = C ∩R, we get that
N ′′/(C ∩ R) is finite. By [24, Theorem 1.9 (iii)], C ∩ R is connected,
it does not admit any proper (closed normal) subgroup of finite index.
Therefore, C ∩ R is a Cartan subgroup of ZR(CS). 
Remark 3.10. For a Levi subgroup S in a connected Lie group G,
and a Cartan subgroup CS in G, we know that C = CSCZR(CS ) is
a Cartan subgroup of G. Since ZR(CS) is connected and solvable, its
Cartan subgroups are conjugates of each other [22, Proposition 6]. Now
it follows from Theorem 1.1 that Cartan subgroups of G which contain
CS are conjugates of each other (by elements in ZN(CS)). Moreover,
it is shown in the proof that NN (C) = C ∩N , NR(C) = C ∩R and that
NG(C) = NG(C
0). In particular, from the proof of the theorem we can
assert the following: C is Cartan subgroup of G if and only if C is a
maximal nilpotent group and NG(C
0)/C is finite.
Now we deduce a result for Cartan subalgebras which is analogous to
Theorem 1.1. For a Lie algebra G, let the subalgebra R be the radical
of G and for a Lie subalgebra L of G, ZR(L) = {X ∈ R | ad(X)(Y ) =
[X, Y ] = 0 for all Y ∈ L} (where [ , ] denotes the Lie bracket operation
on G).
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Corollary 3.11. Let G be a Lie algebra and let S be any Levi subalgebra
such that G = S ⋉R, where R is the radical of G. Let HS be a Cartan
subalgebra of S and let HZR(HS) be a Cartan subalgebra of ZR(HS).
Then H = HS ⊕ HZR(HS) is a Cartan subalgebra of G. Conversely,
for any Cartan subalgebra H of G there exists a Levi subalgebra S such
that H = (H ∩ S) ⊕HZR(H∩S), where HZR(H∩S) = H ∩R is a Cartan
subalgebra of ZR(H ∩ S).
Proof. Let G be a connected Lie group whose Lie algebra is G [9, Ch.
XII, Theorem 1.1]. Let S be a Levi subgroup of G with the Lie algebra
S. Then G = SR, a Levi decomposition, where R is the radical of G.
Given a Cartan subalgebraHS of S there exists a Cartan subgroup of S,
namely CS := C(HS) (notation as in § 2). By Proposition 3.6, ZR(CS)
is connected. Moreover, its Lie algebra is ZR(HS). Let CZR(CS) =
C(HZR(HS)), which is a Cartan subgroup of ZR(CS). By Theorem 1.1,
C = CSCZR(CS) is a Cartan subgroup. Therefore, H = HS ⊕HZR(HS)
is a Lie algebra of C. Thus H is a Cartan subalgebra of G.
The converse can be proven easily by using Wu¨stner’s decomposition
theorems [24, Theorems 1.8 and 1.11] and the converse statement in
Theorem 1.1.  
The next lemma, which will be useful in proving Theorems 1.2 and
1.5, follows easily from the definition of Cartan subgroups given by
Chevalley; we omit the proof.
Lemma 3.12. Let G be a connected Lie group and let C be a Cartan
subgroup of G. Let H be a closed connected subgroup such that C ⊂ H.
Then C is a Cartan subgroup of H.
Proof of Theorem 1.2. Let G be a connected Lie group with the radical
R and let TR be a maximal compact subgroup of G. If TR is central
in G, then TR is the unique maximal compact subgroup of R and
ZG(TR) = G is connected and the first assertion holds trivially. Now
suppose G is such that TR is nontrivial and it is not central in G. We
first want to show that ZG(TR) is connected.
Step 1: Since TR is compact and connected, there exists k in TR which
generates a dense subgroup in TR and Ad(k) is semisimple. Hence
ZH(TR) = ZH(k) for any TR-invariant closed subgroup H of G. As k
acts trivially on G/R and R/N , and Ad(k) is semisimple, by Propo-
sition 3.4 and the Remark 3.5, we have that G = ZG(TR)ZR(TR) =
Z0G(TR)ZR(TR) and ZR(TR) = Z
0
R(TR)ZN(TR). In particular, ZG(TR) =
Z0G(TR)ZN(TR). For the maximal compact connected central subgroup
T of G, we know that T ⊂ ZN(TR) and by Lemma 2.3, ZN/T (k) is
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connected. Again it follows from Proposition 3.4 and Remark 3.5 that
ZN(k) = ZN(TR) is connected. Therefore, ZG(TR) is connected.
Note that G = ZG(TR)N = ZG(TR)R, all the Levi subgroups of
ZG(TR) are Levi subgroups of G and for a Levi subgroup S of G con-
tained in ZG(TR), we have that ZG(TR) = SZR(TR). Therefore, ZR(TR)
is the radical of ZG(TR).
Step 2: Now we show that any Cartan subgroup of ZG(TR) is a Cartan
subgroup of G. Let G′ = ZG(TR) and let R
′ := ZR(TR). Then R
′ is
the radical of G′ and TR is the unique maximal compact subgroup of
R′ and it is central in G′.
Let C ′ be a Cartan subgroup of G′. By Theorem 1.1, there exists a
Levi subgroup S of G′ such that G′ = SR′, CS = C
′ ∩ S is a Cartan
subgroup of S and C ′ ∩ R′ is a Cartan subgroup of ZR′(CS), the cen-
tralizer of CS in R
′. Let Z ′ := ZR′(CS) and CZ′ := C
′ ∩ R′, which is
Cartan subgroup of Z ′. Let Z := ZR(CS). Then Z
′ ⊂ Z. As S is also
a Levi subgroup of G, Z is connected. Since TR centralizes CS, TR is a
maximal compact subgroup of Z. If TR is central in Z, then Z ⊂ R
′,
hence Z = Z ′, and by Theorem 1.1, C ′ is a Cartan subgroup of G.
Suppose TR is not central in Z. Let N
′ be the nilradical of Z. Ar-
guing as in Step 1 for Z instead of G, we get that Z = ZZ(TR)N
′,
where ZZ(TR) is the centralizer of TR in Z. Therefore, ZZ(TR) =
ZR(CS) ∩ ZR(TR) = ZR′(CS) = Z
′. Now Z = Z ′N ′. By Proposition
3.1 (3), there exists a Cartan subgroup CZ of Z such that CZ′ = CZ∩Z
′.
As TR ⊂ CZ′ ⊂ CZ and CZ is connected and nilpotent, we get that
CZ ⊂ ZR(TR) = R
′, and hence CZ′ ⊂ CZ ⊂ Z ∩ R
′ = Z ′. This implies
that CZ′ = CZ as the former is a Cartan subgroup of Z
′. In particular
CZ′ is a Cartan subgroup of Z = ZR(CS). As S is also a Levi subgroup
of G, by Theorem 1.1, C ′ is a Cartan subgroup of G.
Conversely, suppose C is any Cartan subgroup of G. We know that
C ∩ R is connected and nilpotent. Let TC be the unique compact
(central) subgroup of C ∩R. By [8, Theorem 3 (ii)], it follows that TC
is a maximal compact subgroup of R. Now we have from Step 1 that
ZG(TC) is connected. As C∩R centralizes CS, we get that TC is central
in C, i.e. C ⊂ ZG(TC). By Lemma 3.12, C is a Cartan subgroup of
ZG(TC). Now the proof is complete with K = TC . 
Using Theorems 1.1 and 1.2, we prove Corollary 1.3 which is a more
refined version of Theorem 1.1 and describes Cartan subgroups in more
detail.
Proof of Corollary 1.3. Let G = SR be a Levi decomposition with
a Levi subgroup S and the radical R. Let CS be a Cartan subgroup
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of G. By Theorem 1.1, C = CSCZ is a Cartan subgroup of G such
that CS = C ∩ S, CZ = C ∩ R is a Cartan subgroup of Z = ZR(CS)
and both Z and CZ are connected. By Theorem 1.2, for a maximal
compact subgroup TR of R contained in CZ , we get that ZZ(TR) is
connected and CZ is a Cartan subgroup of ZZ(TR). But ZZ(TR) =
ZR(CS) ∩ ZR(TR) = ZR(CSTR). Hence, ZR(CSTR) is connected and
CZ is a Cartan subgroup of it. Therefore, C = CSCZR(CSTR) and the
first assertion in the corollary is proved.
The converse statement follows from Theorem 1.1 and the proof of
the first assertion above. 
Proof of Corollary 1.4. Let G and R be as in the hypothesis and let
CS be a Cartan subgroup of a Levi subgroup S. By Theorem 1.1,
ZR(CS) is connected and for a Cartan subgroup CZR(CS) of ZR(CS),
C = CSCZR(CS) is a Cartan subgroup of G. By Proposition 3.6 (2–
3), R = ZR(CS)N = CZR(CS)N . Now from Proposition 3.1 (3), there
exists a Cartan subgroup CR of the radical R such that CZR(CS ) =
ZR(CS)∩CR = C ∩CR. This completes the proof of the first assertion
in the corollary.
The converse statement follows from Theorem 1.1 and the proof of
the first assertion above. 
Remark 3.13. We know that Cartan subgroups of a connected solvable
Lie group are conjugate to each other [22, Proposition 6]. Moreover, in
a connected Lie group G, conjugates of a Cartan subgroup are Cartan
subgroups. Therefore, using Corollary 1.4, we can deduce that given
any Cartan subgroup CR of R, there exists a Cartan subgroup C of G
such that C ∩R = C ∩ CR.
Now we state the following corollary which is a special case of [25,
Theorem 1.9 (ii)]; as any connected Lie group G, whose radical R is a
compact extension of its nilradical N , can be expressed as G = SKN ,
where S is a Levi subgroup which centralizes a maximal compact sub-
group K of R, and G is Mal’cev splittable, (see [25] for the definition).
Corollary 3.14. Let G be a connected Lie group such that its radical R
is a compact extension of its nilradical N . Then any Cartan subgroup of
G is of the form CSKZN(CSK) where CS is a Cartan subgroup of a Levi
subgroup S of G and K is a maximal compact subgroup of R contained
in ZR(CS). Moreover, for any Levi subgroup S of G and a Cartan
subgroup CS of S, ZR(CS) contains a maximal compact subgroup K of
R and C = CSZR(CSK) = CSKZN (CSK) is a Cartan subgroup of G.
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The proof follows easily from Corollary 1.3 as ZR(CSK) = KZN(CSK),
and since it is (connected and) nilpotent, CZR(CSK) = ZR(CSK) =
KZN(CSK).
Note that a connected nilpotent Lie group has a unique Cartan sub-
group, namely, G itself. If the radical of G is nilpotent, then its max-
imal compact subgroup is central in G. Hence, the following corollary
is an immediate consequence of Corollary 3.14.
Corollary 3.15. Let G be a connected Lie group such that its radical is
nilpotent. Then any Cartan subgroup is of the form CSZN(CS), where
CS is a Cartan subgroup of a Levi subgroup S and N is the nilradical of
G. Moreover, for any Cartan subgroup CS of a Levi subgroup S, there
is a unique Cartan subgroup of G containing CS.
4. Cartan subgroups in quotients of a Lie group
In this section, we prove Theorem 1.5 which asserts that for any
closed normal subgroupH of G, Cartan subgroups ofG/H are precisely
the images of Cartan subgroups of G. Note that this is known in the
case when H is central. Note also that from analogous results about
Cartan subalgebras in [3, Ch. VII, § 2], we can deduce the above for
the connected component of the identity in Cartan subgroups of G/H .
However, the theorem for the general case is not known as Cartan
subgroups of a connected Lie group need not be connected. Here,
we give a group theoretic proof using Chevalley’s criterion for Cartan
subgroups and results in § 2 and § 3 above.
Proof of Theorem 1.5. Let G be a connected Lie group, H be a closed
normal subgroup of G and let pi : G→ G/H be the natural projection.
If H is central subgroup of G, then it is contained in a Cartan subgroup
of G, and C is a Cartan subgroup of G if and only if pi(C) is a Cartan
subgroup of G/H . Note that H/H0 is a closed central subgroup of
G/H0. Hence to prove (a) and (b), we may assume thatH is connected.
Step 1: Now supposeH is semisimple. Here, Z(H) is a discrete normal
subgroup of G, and hence it is central in G. As H is connected H/Z(H)
has trivial center, and hence we may replace G and H by G/Z(H)
and H/Z(H) respectively and assume that the center of H is trivial.
By [11, Lemma 3.9] (and its proof), we have G = HZG(H) = HZ
0
G(H).
Here, H∩Z0G(H) ⊂ Z(H) = {e}. Therefore, G = H×Z
0
G(H), as G and
H are connected. Since any Cartan subgroup of G is a direct product
of a Cartan subgroup of H and a Cartan subgroup of Z0G(H), it is easy
to see that (a) and (b) hold in this case.
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Step 2: Note that the radical RH of H is a connected solvable charac-
teristic subgroup in H , and hence it is contained in the radical R of G.
Now H/RH is a connected semisimple subgroup in G/RH . Hence from
Step 1, we get that (a) and (b) hold for G/RH and H/RH instead of
G and H . Therefore, we may assume that H is solvable.
Step 3: We show that it may be assumed that H ∩ Z(G) is trivial,
where Z(G) is the center of G. Note that H ∩Z(G) is a closed central
subgroup of G. If the connected component of the identity e in H ∩
Z(G) is nontrivial, then the dimension of H/(H ∩Z(G)) is strictly less
than that of H . As H ∩ Z(G) is central, as observed earlier, we may
replace G and H by G/(H ∩ Z(G)) and H/(H ∩ Z(G)) respectively.
Repeating this process finitely many times, we get that H ∩ Z(G)
is discrete, as the dimension of G is finite. Since G is connected, it
follows that H/(H ∩ Z(G)) has trivial intersection with the center of
G/(H ∩ Z(G)). Thus, we may replace H by H/(H ∩ Z(G)) and G by
G/(H ∩ Z(G)) and assume that H ∩ Z(G) is trivial.
Suppose H = R. Then for any Levi subgroup S of G, we have that
S ∩ R = S ∩H is discrete and central in S, and G/R is isomorphic to
S/(S∩R). By Theorem 2.1, any Cartan subgroup C has the form C =
(C∩S)(C∩R) for some Levi subgroup S and C∩S is a Cartan subgroup
of S. Now (C∩S)/(S∩R) is a Cartan subgroup of S/(S∩R). Therefore,
pi(C) is a Cartan subgroup of G/H and (a) holds. Conversely, if C ′ is
a Cartan subgroup of G/R, then since G/R is isomorphic to S/(S ∩R)
for any Levi subgroup S, we may choose a semisimple subgroup S and
a Cartan subgroup CS such that pi(CS) = C
′. By Theorem 1.1, there
exists a Cartan subgroup C = CSCZR(CS ) of G, where CZR(CS ) is any
Cartan subgroup of ZR(CS). Now pi(C) = pi(CS) = C
′ and (b) holds
in this case.
Step 4: Now suppose H ( R is solvable. Since H is connected and
solvable, there exists a sequence of closed connected normal subgroups
H = H0 ⊃ H1 ⊃ · · · ⊃ Hk = {e} in G such that for i = 1, . . . , k,
Hi−1/Hi is a closed connected normal abelian subgroup of G/Hi. Hence
we may assume that H is a closed connected normal abelian subgroup
of G, i.e. H ⊂ N , the nilradical of G. As shown in Step 3, we may also
assume that H ∩ Z(G) is trivial. In particular, the largest compact
normal subgroup K of H is abelian and it is normal in G, and hence
it is central in G. Therefore, K is trivial and H is a simply connected
abelian subgroup. Now G/H = pi(S)pi(R) is a Levi decomposition for
any Levi subgroup S of G. Here, S ∩H ⊂ S ∩R is discrete and central
in S. Therefore, pi(S) is isomorphic to S/(S ∩H). Let C = CSCZ be a
Cartan subgroup of G, where CZ is a Cartan subgroup of Z = ZR(CS).
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Then pi(CS) is a Cartan subgroup of pi(S). By Theorem 1.1, to prove
(a), it is enough to show that pi(CZ) is a Cartan subgroup of Z
′ :=
ZR/H(CS). Since pi(CS) is a Cartan subgroup of pi(S), by Proposition
3.6, Z ′ is connected. Now by Proposition 3.4, we have that pi(Z) = Z ′.
In particular, ZH is closed, connected and Z ′ = ZH/H is isomorphic to
Z/(Z∩H). Since H is simply connected and abelian, Z∩H = ZH(CS)
is connected by Lemma 2.3.
Now to prove (a), we may replace G by Z and H by Z ∩ H , and
assume that G is solvable. We know that G = CN , where N is the
nilradical of G. Then pi(G) = pi(C)pi(N) and pi(N) ⊂ N ′, where N ′
is the nilradical of G/H . Since pi(C) is nilpotent, so is pi(C), and by
Proposition 3.1 (2), we get that there exists a Cartan subgroup C ′ of
G/H such that pi(C) ⊂ C ′. Now we show that pi(C) = C ′. Note that
C ′ is connected. Let M = pi−1(C ′). Then M is connected and C ⊂ M ,
and by Lemma 3.12, C is a Cartan subgroup of M . By [22, Lemma 9],
CMk = M for all k ∈ N, where M1 = [M,M ] and Mk+1 = [M,Mk],
k ∈ N. Since pi(M) = C ′ is nilpotent, we get that Mk ⊂ H for some k,
hence CH =M , and pi(C) = C ′. Therefore (a) holds.
Step 5: Now to complete the proof of (b), we need to prove (b) for
the case when H is connected, abelian and H ∩ Z(G) = {e}. Let C ′
be a Cartan subgroup of G/H . Let S ′R′ be the Levi decomposition
of G/H , where R′ is the radical of G/H and S ′ is a Levi subgroup
of G/H , such that CS′ = C
′ ∩ S ′ and C ′ ∩ R′ = CZ′, where Z
′ =
ZR′(CS′). Note that as H ⊂ N , R
′ = pi(R). Now it is easy to see
that there exists a Levi subgroup S in G such that pi(S) = S ′; (this
follows from the fact that the image of a Levi decomposition of G
under pi is a Levi decomposition of G/H and all the Levi subgroups
are conjugate to each other). Here, S ∩ H ⊂ S ∩ R is discrete and
central in S. Hence S/(S ∩H) is isomorphic to S ′ under pi and there
exists a Cartan subgroup CS of S such that pi(CS) = CS′. We know
from Proposition 3.4 that pi(ZR(CS)) = ZR/H(CS′). Let Z = ZR(CS).
Now it is enough to show that there exists a Cartan subgroup CZ in
Z such that pi(CZ) = CZ′ as this would imply that for C = CSCZ and
pi(C) = C ′. This together with Theorem 1.1 would imply that C is a
Cartan subgroup of G. As noted in Step 4, ZH is closed, ZH/H = Z ′,
Z ′ is isomorphic to Z/(Z ∩ H) and Z ∩ H = ZH(CS) is connected.
Now we may replace G by ZH and assume that G is solvable and C ′
is a Cartan subgroup of G/H . Recall that H is connected, normal and
abelian and H ⊂ N , the nilradical of G. Let M = pi−1(C ′). Then
M is connected and pi(M) = C ′. Let CM be a Cartan subgroup of
M . Now we show that pi(CM) = C
′. For Mk defined as above, we
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have that CMMk = M , k ∈ N, and as C
′ is nilpotent, CMH = M .
Therefore, pi(CM) = C
′. As C ′ is a Cartan subgroup of G/H , we get
that C ′L′ = G/H , where L′ is the closure of the commutator subgroup
of G/H . Let L := pi−1(L′). Then L = [G,G]H ⊂ N . Also, since
pi(G) = C ′L′, we have that G = ML ⊂ MN . By Proposition 3.1 (3),
there exists a Cartan subgroup C of G, such that C ∩M = CM . Now
pi(C) is nilpotent and it contains C ′. Therefore, pi(C) = C ′. This
implies that (b) holds. 
Using Theorems 1.1 and 1.5 and Propositions 3.1 and 3.6, we get
the following corollary in which the first statement generalises a part
of Corollary 1.4 and the first part of the second statement generalises
Theorem 1.9 of [24].
Corollary 4.1. Let G be a connected Lie group and let H be a closed
connected normal subgroup of G. Let C be a Cartan subgroup of G.
Then the following hold:
(1) C ∩H is contained in a Cartan subgroup of H.
(2) If H is solvable, then C ∩H is connected and H = (C ∩H)NH ,
where NH is the nilradical of H.
Proof. Let RH and NH be respectively the radical and nilradical of
H . They are characteristic in H and hence normal in G. Therefore
RH ⊂ R, the radical of G and NH ⊂ N , the nilradical of G.
We first prove (2). Let H be solvable, then H = RH ⊂ R. Note that
from Corollary 1.4, there exists a Cartan subgroup CR of R such that
C ∩R = C ∩CR. Then C ∩H = CR∩H . Therefore, to prove both the
statements in (2), we may replace G by R and C by CR and assume
that G is solvable.
By Theorem 1.5, CH/H is a Cartan subgroup of G/H which is con-
nected. Therefore, CH is closed and connected, and by Lemma 3.12,
C is a Cartan subgroup of CH . Hence, without loss of any generality
we may assume that G = CH .
From [24, Theorem 1.9 (i)], we know that C ∩ NH is connected.
Note that CNH is connected. Also, from Theorem 1.5, we have that
CNH/NH is a Cartan subgroup of G/NH , and hence CNH is closed.
As H/NH is a closed connected abelian subgroup of G/NH , by [24,
Theorem 1.9 (i)], ((CNH)/NH) ∩ (H/NH) is connected. Therefore,
((C ∩ H)NH)/NH is connected. As the later group is isomorphic to
(C ∩ H)/(C ∩ NH) and C ∩ NH is connected, we get that C ∩ H is
connected.
Now we want to prove that (C∩H)NH = H . Note that H is solvable
and, as assumed above, G is also solvable. By Theorem 1.5, CH/H
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is a Cartan subgroup of G/H which is connected. Therefore, CH is
closed and connected, and by Lemma 3.12, C is a Cartan subgroup
of CH . Hence without loss of any generality, we may assume that
G = CH . Now [G,G] = [C,C](H∩[G,G]) ⊂ [C,C](H∩N). Since (H∩
N)0 = NH , (H ∩ N)/NH , is a discrete subgroup of G/NH , and hence
it is central in G/NH and contained in its Cartan subgroup CNH/NH.
Therefore, H ∩ N ⊂ CNH which is closed, and hence [G,G] ⊂ CNH .
By [23, Lemma 9], G = C[G,G] = CNH . Therefore, H = H ∩CNH =
(C ∩H)NH .
Now we prove (1). If H is nilpotent, then H contains C ∩H and H
itself is a Cartan subgroup of H . Now suppose H is solvable but not
nilpotent. From (2), H = (C ∩ H)NH . As (C ∩ H) is nilpotent, by
Proposition 3.1 (2), C ∩H is contained in a Cartan subgroup of H .
Suppose H is semisimple. Let L = Z0G(H). By [11, Lemma 3.9],
G = HL, an almost direct product, since D := H ∩ L is a discrete
central subgroup of G. Then C = CHCL, where CH (resp. CL) is
a Cartan subgroup of H (resp. L). Note that D ⊂ CH ∩ CL and
CH = C ∩H .
Suppose H is neither semisimple nor solvable. Note that HR is
normal in G and it follows from a theorem in [18] that HR is closed.
We first show that C ∩HR is contained in a Cartan subgroup of HR.
Let G = SR be a Levi decomposition such that C = CS(C ∩R), where
CS = C ∩S is a Cartan subgroup of S and C ∩R is a Cartan subgroup
of ZR(CS). Let M = (S ∩ HR)
0. Then M is normal in S and hence
it is closed in S (cf. [18]). Now HR = MR where M is a semisimple
Levi subgroup of HR. Note that S = ML, an almost direct product,
where L = Z0S(M) and L ∩ M is a discrete central subgroup of S.
CS = CMCL = CLCM , where CM (resp. CL) is a Cartan subgroup of
M (resp. L). Note that C ∩ R ⊂ ZR(CS) ⊂ ZR(CM). As CM is a
Cartan subgroup ofM , by Proposition 3.6, both ZR(CM) and ZN(CM)
are connected. We also have by Proposition 3.6 (3), that R = (C∩R)N ,
and hence that ZR(CM) = (C ∩ R)ZN(CM) = (C ∩ R)N
′ where N ′ is
the nilradical of ZR(CM) and ZN(CM) ⊂ N
′. As C ∩ R is nilpotent,
by Proposition 3.1 (2), we get that there exists a Cartan subgroup C ′
of ZR(CM) such that C ∩R ⊂ C
′. By Theorem 1.1, CMC
′ is a Cartan
subgroup of MR = HR. Now C ∩ HR = (CS(C ∩ R)) ∩ MR =
CM(C ∩ R) ⊂ CMC
′. That is, C ∩HR is a contained in CMC
′ which
is a Cartan subgroup of HR.
Note that C∩H = (C∩HR)∩H and HR is a closed connected (nor-
mal) subgroup of G. Since C ∩HR is contained in a Cartan subgroup
of HR, to prove that C∩H is contained in a Cartan subgroup of H , we
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assume that G = HR, i.e. S ⊂ HR. Note that S∩H is a closed normal
subgroup of S. Let SH be a Levi subgroup of H . Then G = SHR, and
hence SH is a Levi subgroup of G. Therefore, SH is conjugate to S.
Now since H is normal in G, S ⊂ H and hence H = SRH . Therefore,
CS is a Cartan subgroup of the Levi subgroup S of H . Since RH is
normal in R, ZRH(CS) is a closed normal subgroup of ZR(CS). Also,
by Proposition 3.6 (2), ZRH (CS) is connected. Note that by Theorem
1.1, C ∩ R is a Cartan subgroup of ZR(CS) and the latter is solvable.
Therefore, from above, C ∩ RH = (C ∩ R) ∩ ZRH (CS) is contained in
a Cartan subgroup C ′′ of ZRH (CS). Now by Theorem 1.1, CSC
′′ is
a Cartan subgroup of H and C ∩ H = CS(C ∩ RH) is contained in
CSC
′′. 
5. Dense images of power maps
In this section, we prove Theorem 1.6 about the dense images of
power maps on a connected Lie group. Recall that for a group G and
any k ∈ N, the k-th power map Pk : G → G is defined as Pk(x) = x
k,
x ∈ G. Here, we denote by Pk for the k-th power map on any group.
Proof of Theorem 1.6. Let G be a connected Lie group and let H be a
closed normal subgroup of G. Let k ∈ N be fixed. Suppose that Pk(H)
is dense in H and that Pk(G/H) is dense in G/H . We need to show
that Pk(G) is dense in G.
Step 1: Since Pk(H) is dense in H , we get that H has finitely many
connected components. Indeed, H/H0 is a discrete central subgroup in
G/H0, and hence it is finitely generated. Therefore, it is either finite
or it is of the form F × Zn for some n ∈ N, where F is a finite group.
Now, Pk is surjective on H/H
0 and it implies that H/H0 is finite.
Step 2: To prove the assertion, we may assume H to be connected.
From Step 1, H/H0 is a finite central subgroup of G/H0. Since Pk(H)
is dense in H , it implies that Pk(H/H
0) = H/H0 and Pk(H
0) is dense
in H0. As H/H0 is central in G/H0, Pk(G/H) is dense in G/H implies
that Pk(G/H
0) is dense in G/H0.
Step 3: Suppose H is a connected semisimple normal subgroup of G.
By [11, Lemma 3.9], we have G = H · L (almost direct product) for
L = Z0G(H) of G, where D = H ∩ L is a discrete central subgroup of
G. Note that elements of H and L commute with each other and G/H
is isomorphic to L/D. The images of both maps Pk : H → H and
Pk : L/D → L/D are dense in H and L/D respectively. Let C be a
Cartan subgroup of G. Then D ⊂ C and C = CH · CL (almost direct
product), where CH (resp. CL) is a Cartan subgroup of H (resp. L).
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Moreover, D ⊂ CH ∩ CL. Since, Pk(H) is dense in H , by [1, Theorem
1.1], Pk(CH) = CH . Note that CL/D is a Cartan subgroup of L/D. As
Pk(L/D) is dense in L/D, by [1, Theorem 1.1], Pk(CL/D) = CL/D.
Let x ∈ C. Let x1 ∈ CH and x2 ∈ CL such that x = x1x2. By the
above discussion, there exists an element d ∈ D such that x2 = y
k
l d,
where yl ∈ CL. Now x = x1x2 = x1y
k
l d = x1dy
k
l . As x1d ∈ CH , there
exists yh ∈ CH such that y
k
h = x1d. Since, elements of CH and CL
commute with each other, we have x = ykhy
k
l = (yhyl)
k. This shows
that Pk(C) = C, and hence Pk(G) is dense in G [1, Theorem 1.1].
Step 4: Let HR be the radical of H . Then HR is closed and normal
in G, and hence it is contained in the radical R of G. Observe that
H/HR is a (connected) semisimple normal subgroup of G/HR and G/H
is isomorphic to (G/HR)/(H/HR). Since Pk(H) is dense in H , we get
that Pk(H/HR) is dense in H/HR. From Step 3, we get that Pk(G/HR)
is dense in G/HR. As HR ⊂ R, it follows that Pk(G/R) is dense in
G/R. By [1, Proposition 3.3], we have that Pk(G) is dense in G. 
Note that the converse of Theorem 1.5 is not true even for closed
connected normal subgroups as illustrated by Example 2.2 in [10] of a
weakly exponential Lie group which admits a closed connected normal
subgroup which is not weakly exponential. Now we show that the
following well-known result [10, Corollary 2.1A] can be deduced easily
from Theorem 1.6 using [1, Corollary 1.3].
Corollary 5.1. Let G be a connected Lie group, and let H be a closed
normal subgroup of G. If H and G/H are weakly exponential, then G
is weakly exponential.
Proof. Since H is weakly exponential, it is connected. By [1, Corollary
1.3], Pk(H) is dense in H and Pk(G/H) is dense in G/H for all k ∈ N.
Hence, by Theorem 1.6, it follows that Pk(G) is dense in G for all
k ∈ N. By [1, Corollary 1.3], we get that G is weakly exponential. 
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